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Abstract
In this paper we introduce a chromatic parameter, called the ﬁxing chromatic number, which is
related to unique colourability of graphs, in the sense that it measures how one can embed the given
graphG inG∪Kt by adding edges betweenG andKt to make the whole graph uniquely t-colourable.
We study some basic properties of this parameter as well as its relationships to some other well-known
chromatic numbers as the acyclic chromatic number. We compute the ﬁxing chromatic number of
some graph products by applying a modiﬁed version of the exponential graph construction.
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1. Introduction
1.1. Basic goals
Suppose G is a graph and t(G) an integer. Let 0(G, t) be the minimum number of
edges that need to be added betweenG and a cliqueKt so that the resulting graph is uniquely
 This research is partially supported by the Institute for Studies in Theoretical Physics andMathematics (IPM).
E-mail addresses: daneshgar@sharif.ac.ir (A. Daneshgar), hhaji@sbu.ac.ir (H. Hajiabolhassan).
0166-218X/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.dam.2005.04.006
124 A. Daneshgar, H. Hajiabolhassan / Discrete Applied Mathematics 152 (2005) 123–138
t-colourable [3,5]. It follows from a result of Truszczyn´ski [15] and Xu [17] that for any
t(G),0(G, t) |V (G)|(t−1)−|E(G)|.We show that when t is sufﬁciently large, then
equality 0(G, t)= |V (G)|(t − 1)− |E(G)| holds. We deﬁne the ﬁxing chromatic number
(G) of a graphG to be the minimum t for which 0(G, t)=|V (G)|(t−1)−|E(G)|.We
also show that, intuitively, (G) can be described as a chromatic parameter related to how
the graph resists to become uniquely list-colourable. Then we discuss the relation between
(G) and other graph parameters, such as (G), a(G), col(G) and the square chromatic
number (G). Some upper and lower bounds for (G) are obtained, and it is noted that
the exact value of the new parameter, (G), heavily depends on the whole set of different
k-colourings of the given graphG for any k(G) and is usually difﬁcult to compute. This
also can be seen from the fact that computing the parameter, as a unique list-colourability
problem, is the combination of an NP-complete and a co-NP-complete problem that seems
to be harder than computing ordinary chromatic number. This also provides motivations
for possible applications in cryptography [4]. In this direction we use a modiﬁcation of the
exponential graph method [7,18] to handle the set of different colourings for some cartesian
products and compute the exact values of (PnK2) and (CnK2) as special cases.
1.2. Some basic deﬁnitions
In this paper we consider only simple graphs. The vertex set of a graph G is denoted
by V (G) and the edge set by E(G). If two vertices u and v are connected by an edge uv
we write u ∼ v. Also, N(v) = {u ∈ V (G) |u ∼ v} is the set of neighbours of v and
dG(v) = |N(v)|. The cartesian product of the graphs G and H, GH , has the vertex set
V (GH)= V (G)× V (H) and there is an edge between (u1, v1) and (u2, v2) if and only
if (u1 = u2 & v1v2 ∈ E(H)) or (u1u2 ∈ E(G) & v1 = v2). Also, Pn, Cn and Kn are the
path, the cycle and the complete graph on n vertices, respectively. For basic concepts of
graph theory we refer to [16].
A homomorphism  from a graph G to a graph H is a map  : V (G) −→ V (H) such
that if u ∼ v then (u) ∼ (v). The set of all homomorphisms from G to H is denoted by
Hom(G,H). Given a graph G, consider a setL= {Lv}v∈V (G) with Lv ⊆ {1, . . . , t} such
that t(G) is a ﬁxed integer. A graph G is called uniquelyL-list-colourable, if the list
colouring problem, (G,L, t), on G with listsL = {Lv}v∈V (G) has a unique solution (for
more on uniquely list-colourable graphs see [8,11]).
To see that this can also be viewed as an embedding problem, assume that the list colouring
problem (G,L, t) is given, and let H =G ∪Kt with V (Kt)= {v1, . . . , vt }. Also, assume
that (without loss of generality) we have ﬁxed the colours of vertices V (Kt)= {v1, . . . , vt }
such that vi has taken the colour i for all i ∈ {1, . . . , t}. Now, one may construct a new
graph, H˜G,,t , such that for each u ∈ V (G) andLu ∈Lwe add new edgesu={uvi}i /∈Lu
to the graph H. If
 def=
⋃
u∈V (G)
u,
then it is clear that H˜G,,t with the vertex set V (H) and the edge setE(H)∪ is a uniquely
t-colourable graph (or a t-UCG for short) if and only if the list colouring problem (G,L, t)
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has a unique solution, i.e. G is a uniquelyL-list-colourable graph. Hereafter, (G,L, t)
will denote the list colouring problem corresponding to the set  with respect to Kt . Also,
we will freely switch between the embedding setup and the list-colouring approach.
When H˜G,,t is a t-UCG, this set of new edges, , is called a ﬁxing set (of edges) for G
(with respect to Kt ) and it is easy to see that
|| = t |V (G)| −
∑
u∈V (G)
|Lu|. (1)
An element of a ﬁxing set is called a ﬁxing edge. On the other hand, one is mainly interested
in the minimal case, in which (G,L, t) has a unique solution and the sum
∑
u∈V (G) |Lu|
is maximized. Hence, 0(G, t) (for any ﬁxed t(G)) is deﬁned as
0(G, t)
def= min{|| | is a ﬁxing set for G with respect to Kt }. (2)
((G, t) def= 0(G, t)− ( t2 ) is called the ﬁxing number of G with respect to Kt [3,5,13].)
Theorem A (Daneshgar and Naserasr [5]). For any k-chromatic graph G,0(G, k)( k2 )
and equality holds if and only if G is a k-UCG.
Accordingly, any t-colouring of G for which the minimum in (2) is attained, is called
a minimum t-colouring of G. By deﬁnition it is clear that minimum t-colourings of G are
induced by the unique t-colouring of the extensions H˜G,,t in cases that  is a minimum
ﬁxing set of edges. We recall the following theorem of Truszczyn´ski and Xu.
Theorem B (Truszczyn´ski [15] and Xu [17]). If G is a k-UCG, then |E(G)|
|V (G)|(k − 1) − ( k2 ) and equality holds if and only if the subgraph induced on any two
colour-classes of G is a tree.
Consider the embedding G ⊂ H˜G,,t , when  is a ﬁxing set and t(G). One may
easily verify that
(G, t) def= 0(G, t)+ |E(G)| − |V (G)|(t − 1)0, (3)
since for any ﬁxed t, H˜G,,t is a t-UCG and Theorem B can be applied (also see
Proposition 1 in Section 2).
It is in general a difﬁcult task to compute 0(G, t) for a given graph G and an integer
t(G). In what follows we consider a very simple graph to show the main concepts
deﬁned so far.
Example 1. Consider C4 as a simple example and note that 0(C4, 2)= 1 by TheoremA.
To see this, assume that
V (C4)= {u1, u2, u3, u4} and E(C4)= {u1u2, u2u3, u3u4, u4u1}.
Also, consider a cliqueK2 with V (K2)={v1, v2}. Let H˜C4,,2 be the graph with the vertex
set V (C4)∪V (K2) and the edge setE(C4)∪E(K2)∪where={u1v1}. Then it is clear
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that H˜C4,,2 is a 2-UCG and hence 0(C4, 2)= 1. Moreover,
1= 0(C4, 2)> |V (C4)|(2− 1)− |E(C4)| = 0.
On the other hand, for the case of 3-colourings, consider a clique K3 with V (K3) =
{v1, v2, v2}. Let H˜C4,,3 be the graph with the vertex set V (C4) ∪ V (K3) and the edge
set E(C4) ∪ E(K3) ∪ , where
= {u2v2, u2v3, u4v1, u4v3}.
Then it is clear that H˜C4,,3 is a 3-UCG and hence 0(C4, 3)4. Also
40(C4, 3) |V (C4)|(3− 1)− |E(C4)| = 4
and consequently, 0(C4, 3)= 4 (i.e. (C4, 3)= 0). Moreover, note that the corresponding
list assignment (as described in the paragraph preceding the deﬁnition of 0(G, t) in (2)) is
Lu1 = {1, 2, 3},
Lu2 = {1},
Lu3 = {1, 2, 3},
Lu4 = {2}.
In Section 2, we show that there exists a natural number t0(G) such that (G, t) = 0
for every (G)− 1< t < t0, and (G, t)= 0 for every t t0. Hence, the sequence
(G, (G)), (G, (G)+ 1), (G, (G)+ 2), . . .
is eventually equal to zero and we deﬁne the ﬁxing chromatic number of G, (G), as
(G)
def= min{t | t(G) and (G, t)= 0}.
The organization of the paper is as follows. In Section 2, we focus on the basic properties of
the ﬁxing chromatic number and its relationships to some other known chromatic numbers
(Proposition 2). We also consider some basic methods to obtain lower and upper bounds
for . In the case of lower bounds we mention a result in Proposition 1(b) and for an
upper bound we introduce a new chromatic parameter, o, which is more accessible than
 and we note that o. Moreover, we prove that there exists upper bounds in terms
of the maximum degree, the independence number and the colouring number of the graph
(Proposition 3 and Theorem 1).
In Section 3, we address the cartesian product of graphs, and using a modiﬁcation of the
exponential graph construction, we prove (PnK2) = 3 and (CnK2) = 4 for any
n3.
In Section 4, we add some remarks on connections with some known results and conjec-
tures, and we formulate a couple of open problems.
2. The ﬁxing chromatic number, 
Aswe noted in Section 1.2, for any graphG, the parameter (G, t)=0(G, t)+|E(G)|−
|V (G)|(t − 1) is non-negative for any t(G). To get more information in this regard, we
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generalize a theorem of Daneshgar and Naserasr [5], which is almost a direct consequence
of Theorem B.
Proposition 1. For any k-chromatic graph G and tk,
(a) (G, t)0.Moreover, if t0(G) and (G, t0)=0, then the subgraph induced on any
two colour-classes of the minimum colouring is a forest, and (G, t)= 0 for all t t0.
(b) Let i = j ,  be a t-colouring of G, and ij (G,) denote the number of components of
the subgraph of G induced on the vertices whose colours are in {i, j}. If is a minimum
ﬁxing set of G with respect to Kt and 0 is the corresponding minimum colouring of
G, then∑
1 i<j t
ij (G,0) ||.
Moreover,
min


 ∑
1 i<j t
ij (G,)

 0(G, t),
in which the minimum is taken over all t-colourings, , of G.
Proof. The inequality (G, t)0 is clear by deﬁnition and Theorem B (also see [5]). On
the other hand, if (G, t0)= 0, then ﬁrst note that by Theorem B the graph induced on any
two colour-classes of the minimum colouring in G is a forest. Also, for each t t0 we have
(G, t)= 0 by considering the ﬁxing set consisting of the ﬁxing set of edges with respect
to Kt0 and connecting all vertices of the remaining Kt−t0 to all vertices of G.
For (b) consider the extension H˜G,,t with the vertex set V (G) ∪ V (Kt) and the unique
t-colouring 0. As before, let V (Kt) = {v1, . . . , vt } and choose vi, vj ∈ V (Kt) such that
i = j (we assume that 0(vi)= i).
Let i, j be two distinct colours and {P i,jk | 1kij (G,0)} be the set of connected
components of the subgraph induced on the vertices with colours i and j in G. Since H˜G,,t
is a UCG, the subgraph induced on the colours i and j in this graph must be connected.
This implies that for any component P i,jk , there must be at least one ﬁxing edge between
V (P
i,j
k ) and {vi, vj } ⊆ V (Kt). This shows that
||
∑
1 i<j t
ij (G,0)
and the next inequality follows by taking minimums. 
Note that part (b) provides a simple procedure to obtain lower bounds for the ﬁxing
number. On the other hand, in order to ﬁnd upper bounds we have,
Lemma 1. For any graph G, if G admits a t-colouring and an ordering < on its set of
vertices V (G), such that for any vertex v ∈ V (G), all colours that appear in N−(v) =
{w ∈ N(v) |w<v} are distinct, then (G, t)= 0.
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Proof. Let v1 be the ﬁrst vertex in the ordering < and ﬁx its colour by using (t − 1)
ﬁxing edges.Also, for the vertex vi (2 i |V (G)|), we know that there are p def= |N−(vi)|
distinct colours appearing in N−(vi) and consequently, the colour of vi can be ﬁxed by
using (t − 1)− p ﬁxing edges.
Hence, this process will give rise to a ﬁxing set  of size || = |V (G)|(t − 1)− |E(G)|,
which shows that (G, t)= 0. 
Now, it is natural to consider the following deﬁnition since we are interested in the best
upper bound obtained in this way.
Deﬁnition 1. For any graph G, o(G) is deﬁned to be the least integer t, such that G
admits a t-colouring and an ordering< on its set of vertices V (G), such that for any vertex
v ∈ V (G), all colours that appear in N−(v)= {w ∈ N(v) |w<v} are distinct.
Consequently, one may prove,
Lemma 2. For any graph G, we have o(G) |V (G)| − (G) + 1, where (G) is the
independence number of G.
Proof. Let V (G) = {v1, v2, . . . , vn}, with the ordering vi < vi+1 for 1 in − 1. Also,
without loss of generality assume that A= {vn−(G)+1, . . . , vn} is a maximal independent
set of G. Now, consider the colouring  of G in which vertex vi takes the colour i for
1 in− (G), and the rest of vertices take the colour n− (G)+ 1. It is easy to see that
the pair (, <) proves o(G) |V (G)| − (G)+ 1. 
Note that this bound is sharp for the complete graph Kn. Also, considering
Proposition 1(a), Lemmas 1 and 2, one may deﬁne,
Deﬁnition 2. For any graph G, the ﬁxing chromatic number of G, (G), is the smallest
integer t such that (G, t) def= 0(G, t)+ |E(G)| − |V (G)|(t − 1)= 0.
Before we consider non-trivial cases in Section 3, we consider a simple example to make
the deﬁnitions more clear (also see Proposition 4). Consider C4 as in Example 1. Then by
40(C4, 3) |V (C4)|(3− 1)− |E(C4)| = 4
it follows that0(C4, 3)=4 and consequently, (C4, 3)=0. This together with (C4, 2)=1
shows that (C4)= 3.
Since in what follows we are going to compare the ﬁxing chromatic number with some
other well-known chromatic parameters, we recall some classic deﬁnitions.
The colouring number, col(G), of a graphG, is the least integer k such that for some linear
ordering < of V (G), the back-degree, |N−(v)| = |{w ∈ N(v) |w<v}|, of any vertex v is
strictly less than k. In this regard it is well known that col(G)=1+maxH G 	(H)(G)+
1, where the maximum is taken over all subgraphs H of G. Note that by deﬁnition,
col(G)o(G).
A. Daneshgar, H. Hajiabolhassan / Discrete Applied Mathematics 152 (2005) 123–138 129
1
3 1
2
2
3
Fig. 1. See Proposition 2.
1 13 2
3 22 1
Fig. 2. A minimal 3-UCG.
The acyclic chromatic number, a(G), of a graphG, is the least integer k for whichG has
an ordinary k-colouring such that, in addition, the union of any two colour-classes induces
a subgraph of G which is a forest (see [9, Section 4.11]).
The square chromatic number, (G), of a graph G, is the least integer k for which G
has an ordinary k-colouring such that, in addition, for any vertex v all colours that appear
in N(v) are distinct (see [9, Section 2.18]).
Proposition 2. For any graph G we have
(G)a(G)(G)o(G)(G)
and, moreover, there exist graphs for which a(G)< (G), (G)< o(G) and
o(G)< (G) (i.e. (G) and o(G) are different from the rest of these parameters).
Proof. The inequalities are clear by the deﬁnitions, Proposition 1 and Lemma 1. For the
rest of the proposition we introduce three examples.
• Consider the graph G=K2K3 and note that by TheoremA and the fact that G is not
a UCG we have 3< (G). (We will actually prove later that (G)= 4.)
Also, the colouring depicted in Fig. 1 shows that a(G)3; and, consequently, we may
deduce that a(G)= 3 since G is not a forest. Hence, for G we have a(G)< (G).
• Consider theminimal 3-UCG,G, of Fig. 2 for whichwe have (G)=a(G)=(G)=3.
On the other hand, note that in the unique 3-colouring of this graph there are at least
two identical colours in the neighbourhood of any vertex v ∈ V (G). This shows that
(G)= 3< o(G) since in any ordering the last vertex v has two identical colours in
N(v).
• Consider the graph G = Kn,n for n2, and ﬁrst note that  = 2n. Also, if the two
partitions are X = {x1, . . . , xn} and Y = {y1, . . . , yn}, consider the ordering on V (G)
for which xi is the ith vertex and yi is the n+ ith vertex for 1 in; and assume that
the colour i is assigned to the vertex xi for 1 in where the colour n+ 1 is assigned
to all vertices of Y. Then Lemma 1 implies that o(G)n+ 1< (G)= 2n. 
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v8
v6
v3
v7 v9
v10
Fig. 3. The Petersen graph P (see Example 2).
As we mentioned before, direct computation of the ﬁxing chromatic number of a given
graph is a hard task in general. In what follows we consider a more interesting example
which reveals an application of Proposition 2 to compute this parameter.
Example 2. Consider the Petersen graph P as depicted in Fig. 3 with the ordering vi < vj
when i < j , and the 4-colouring  deﬁned as follows:
(v5)= (v7)= 1, (v2)= (v6)= (v8)= 2,
(v1)= (v4)= (v9)= 3, (v3)= (v10)= 4.
First note that col(P ) = 4 and consequently 4 = col(P )o(P ). Also, it is easy to check
that the colouring  along with the prescribed ordering imply that o(P )= 4.
On the other hand, we show that a(P ) = 4. For this note that P is isomorphic to the
Kneser graph KG(5, 2), whose vertex set consists of all 2-subsets of the set {1, 2, 3, 4, 5},
and two vertices are connected by an edge if and only if the corresponding 2-subsets are
disjoint. It is easy to check that in any 3-colouring of P, there are two colour-classes A and
B such that |A| = 4, |B| = 3 and the intersection of the corresponding 2-subsets for each
one of these colour-classes (A or B) is non-empty. Consequently, one may check that the
subgraph induced on A ∪ B contains a 6-cycle. Hence 4a(P ) and by Proposition 2 we
have
a(P )= (P )= o(P )= 4.
In what follows we consider some upper bounds.
Proposition 3. For any connected graph G with |V (G)|3 we have
o(G)(G)(col(G)− 1).
Proof. The inequality is clearly satisﬁed for every complete graph with more than 2 ver-
tices. Therefore, we assume that G is not a complete graph and we consider the ordering
v1< · · ·<vn of V (G) such that the back-degree of any vertex vi is less than or equal to
col(G)− 1, i.e. |N−(vi)|col(G)− 1. LetG′ be obtained from G by adding edges vivj if
there exists k > i, j such that vi ∼ vk and vj ∼ vk .
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Clearly dG(vn) = dG′(vn)col(G) − 1. Hence, G′ cannot be the complete graph Kn,
since otherwise col(G)= n and G will be a complete graph. On the other hand, assuming
that G′ is an odd cycle, we have 2= dG(vn)= dG′(vn)col(G)− 1, and consequently, G
contains a cycle. But, in this case G′ cannot be a cycle, which is a contradiction.
It is easy to check that the maximum degree of G′ is at most (col(G) − 1)(G) and,
since G′ is neither a complete graph nor an odd cycle, G′ can be properly coloured with
(col(G) − 1)(G) colours. It follows from the deﬁnition of G′ that a proper colouring of
G′ is a proper colouring of G for which the vertices in N−(v) receive distinct colours. 
The case G= Pn shows that the inequality of Propositions 3 is sharp. Also, by a similar
argument, it is easy to see that the inequality o(G)(G)(col(G)− 1)+ 1 holds for any
graph G. Hence, since col(G)(G)+ 1, by considering Lemma 2 we have,
Theorem 1. For any graph G, (G) min(|V (G)| − (G)+ 1,(G)2 + 1).
The caseG=Kn shows that the inequality of Theorem 1 is sharp. The following results
provide values of (G) for a few elementary graph classes.
Proposition 4. For any integers t3 and n3,
(a) 0(C2(n−1), 2)= 0(Pn−1, 2)= 1.
(b) 0(Pn, t)= (t − 2)n+ 1.
(c) 0(Cn, t)= (t − 2)n.
Proof. (a) is clear since the graphs are connected and bipartite, and hence uniquely
colourable. For (b), note that a path on n vertices {v1, v2, . . . , vn} has a 3-colouring 
with (vi)− 1= i (mod 3). Therefore, (b) follows from (a) and Proposition 1(a).
For (c), by Proposition 1(a), it is sufﬁcient to prove0(Cn, 3)=n, which is proved in [5].
(The proof is given only for odd n, but the same proof works for even n and three colours.)

As a consequence,
Theorem 2. For each n2, (Pn)= 2 and (Cn)= 3.
3. Fixing chromatic number and graph products
In this section we consider the ﬁxing chromatic number of some graph products. It is
clear that in order to compute the ﬁxing chromatic number of a graph G in general, one
should have a good understanding of the t-colourings of G (which is usually very hard to
achieve even for quite simple graphs). In the case of the cartesian product GH for any
t(GH), we use amodiﬁed version of the exponential graph construction of categorical
products to handle the problem in the special case CnK2. We focus on this case to show
the main ideas and techniques used, while the method can also be applied in other similar
cases. For more on the exponential graph construction, see [1,7,10,18].
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K2     K2
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Fig. 4. The cylinder K2K2 and the exponential graph KK23 .
Deﬁnition 3. Given a graphG and an integer t, the cartesian exponential graph ofG, which
is denoted by KGt , has as vertices all graph homomorphisms from G to Kt , i.e.
V (KGt )= {f : G −→ Kt |f ∈ Hom(G,Kt)}.
Two such homomorphisms f and g are adjacent in KGt if for every v ∈ V (G) we have
f (v) = g(v), i.e.
E(KGt )= {fg | ∀ v ∈ V (G) f (v) = g(v)}.
The following proposition is immediate,
Proposition 5. Given two graphs G and H, there is a one to one correspondence between
any pair of the sets Hom(GH,Kt), Hom(H,KGt ) and Hom(G,KHt ).
Consider the exponential graphKKmt , whose vertices correspond to the homomorphisms
f : Km −→ Kt . Let V (Km) = {x1, x2, . . . , xm} and V (Kt) = {1, 2, . . . , t} and denote
any vertex of KKmt , (i.e. any homomorphism from Km to Kt ) by an ordered m-tuple as
(f (x1), f (x2), . . . , f (xm)). In our ﬁgures, we depict the representation of any such homo-
morphism next to the corresponding vertex of the graphKKmt as its label. It is clear that there
is an edge between two vertices f and g, if and only if f (xi) = g(xi) for all i ∈ {1, . . . , m}
(as an example see the exponential graph KK23 in Fig. 4).
The following lemma is a direct consequence of Proposition 5.
Lemma 3. There is a one to one correspondence between the set of t-colourings ofCnKm
and the set of closed walks of length n in the exponential graph KKmt .
In what follows we try to obtain some information about the minimum 3-colourings of
CnK2. To begin we deﬁne,
Deﬁnition 4. Consider the graphs Km and Kt on the vertex sets {x1, x2, . . . , xm} and
{1, 2, . . . , t}, respectively, and let e = fg be an edge of the exponential graph KKmt .
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Let e : K2 −→ KKmt be a homomorphism deﬁned as e(u) = f and e(v) = g where
V (K2) = {u, v}. By Proposition 5 there exists a corresponding homomorphism e ∈
Hom(KmK2,Kt ) deﬁned as e|A = f and e|B = g in which
A= {(xi, u) | xi ∈ V (Km)} and B = {(xi, v) | xi ∈ V (Km)}.
The graphC=KmK2 is called a cylinderwith terminal ends Fu def= C[A] and Fv def= C[B].
Hence, each edge e=fg ∈ E(KKmt ) corresponds to a cylinder, where f and g determine the t-
colourings of its terminal ends.Wewill refer to the terminal endFu byFu : {x1, x2, . . . , xm}
when we need to know about its set of vertices.
The break number of the edge e ∈ E(KKmt ) (or the corresponding cylinder C with the
t-colouring e) is deﬁned as
brk(e)= brk(C, e) def=
∑
1 i<j t
(ij (C, e)− 
(i, j)),
where

(i, j) def=
{
1 −1e (i) ∪ −1e (j) = ∅,
0 otherwise.
We write brk(e) as the label of the edge e in the exponential graph KKmt (e.g. see Fig. 4 for
the case m= 2).
Lemma 4. Any minimum 3-colouring of G = CnK2 corresponds to a homomorphism
f : Cn −→ KK23 whose range is the vertex set of one of the two triangles T1 or T2 induced
on {f1, f2, f3} or {g1, g2, g3}, respectively (see Fig. 4).
Proof. First, it is quite easy to construct a ﬁxing set of size n + 1 for G. This along with
Proposition 1(b) shows that for any minimum 3-colouring 0 we have,∑
1 i<j t
ij (G,0)0(G, 3)n+ 1.
By Lemma 3 any 3-colouring  of G corresponds to a closed walk W of length n in the
exponential graph KK23 . It is easy to see that if the walk W contains any one of the edges
of KK23 such as e with brk(e) = 2, then it contains at least two such edges (see Fig. 4).
Consequently,
n+ 2
∑
e∈W
brk(e)
∑
1 i<j3
ij (G,)
and this shows that  cannot be a minimum 3-colouring of G. 
The following lemma will also be used later.
Lemma 5. Forn3 consider a list colouring problem (Cn,L={Lv}, 3)with three colours
such that 1 |Lv|3 and
(a) There is at least one vertex u with |Lu| = 3.
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(b) For any two distinct vertices u and v with |Lu| = |Lv| = 1, there is at least one vertex
w on each uv-path of length greater than one, such that |Lw| = 3.
Then the list colouring problem has a solution. Moreover, every list colouring problem
(Cn,L= {Lv}, 3) coming from a minimum ﬁxing set  of Cn with respect toK3 satisﬁes
conditions (a) and (b).
Proof. Let m def= minv∈V (Cn)|Lv|. If m= 1 then consider the set
M
def={v ∈ V (Cn) | |Lv| = 1}
and ifm = 1 then letM contain only a single (arbitrary) vertex with a list of minimum size
m.
Colour each vertex ofM using (arbitrary) colours from their lists. Eliminate these colours
from the lists of the adjacent vertices and continue this procedure. The vertices in between,
with lists of size three, guarantee that this procedure will produce a valid solution to the list
colouring problem.
On the other hand, let (Cn,L = {Lv}, 3) be a list colouring problem coming from a
minimum ﬁxing set  of Cn with respect to K3. By Proposition 4 we know that || = n.
Also, since, Cn is not uniquely 2-list colourable [11], there exists a vertex u∗ such that there
is no ﬁxing edge of  incident to u∗. Hence, |Lu∗ | = 3 and (a) is satisﬁed.
Next, let u and v be two distinct vertices of Cn such that |Lu| = |Lv| = 1 and let P [u, v]
and Q[v, u] be the corresponding uv-paths with lengths r and s, respectively. Clearly, the
subset P ⊆  (resp., Q ⊆ ) containing all ﬁxing edges in  that are incident to the
vertices of P [u, v] (resp.,Q[v, u]) is itself a ﬁxing set for P [u, v] (resp.,Q[v, u]).
First, assume that r = 1. Then by Proposition 4 we have |Q|s + 2 and consequently,
n= || = |Q|s + 2= n+ 1,
that is impossible.
Hence, we deduce that r = 1 and s = 1. Therefore, again by Proposition 4 we have
|P |r + 2, |Q|s + 2, and we have,
n= || = |P | + |Q| − 4r + s = n.
This implies that exactly r − 2 (resp., s − 2) ﬁxing edges of  are incident to the internal
vertices of P [u, v] (resp.,Q[v, u]) and (b) follows. 
Now, we are ready to prove the main result of this section. Note that (a) of the next
theorem contains the exact value of 0(CnK2, 3) which is an answer to Problem 1 of
Daneshgar and Naserasr [5].
Theorem 3. For integers n3 and t4,
(a) 0(CnK2, 3)= n+ 1.
(b) 0(CnK2, t)= (2t − 5)n.
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Proof. (a) Set G def= CnK2. It is easy to see that there exist ﬁxing sets of size n + 1 for
G with respect to K3. Also, by Proposition 1 we have 0(G, 3)n. Hence, it sufﬁces to
prove there is no ﬁxing set of size n.
Let  be a minimum 3-colouring of G. By Lemmas 3 and 4, without loss of generality,
we may assume that the minimum colouring  corresponds to a 3-colouring  : Cn −→ T1
(as described in Deﬁnition 4), where T1 is the triangle induced on the vertices {f1, f2, f3}
ofKK23 (see Fig. 4). If uv is an edge of Cn such that (u)=fi and (v)=fj then |Fu =fi
where Fu is the terminal end of the corresponding cylinder in G.
Consider a ﬁxing set  for the 3-colouring  of G with respect to K3 on the vertex set
{v1, v2, v3}, and let xjvi ∈  be a ﬁxing edge such that Fu : {x1, x2} is the terminal end
corresponding to the vertex u ∈ V (Cn). Consider the mapping f on  deﬁned as,
f (xj vi)
def= uf k ,
where fk is the unique vertex of T1 such that fk(xj )= vi . It is easy to see that f () is a
ﬁxing set of Cn with respect to T1.
Let  be a ﬁxing set of G such that || = n. Then by Proposition 4, f () is a ﬁxing set
of Cn with respect to T1 such that |f ()| = n and consequently, f must be a one to one
map on any ﬁxing set of size n.
In what followswe say that a ﬁxing edge xv ∈  is incident to a terminal endFu : {x1, x2}
if the vertex x is either x1 or x2. We consider two cases,
• There exists a terminal end that is incident to at least three ﬁxing edges of: LetD ⊆ 
be a subset of ﬁxing edges incident to a terminal end Fu such that |D|3. It is easy to
see that |f (D)|2 must be satisﬁed and this contradicts the fact that f is a one to
one map on .
• Every terminal end is incident to at most two ﬁxing edges of : Let  be the unique
minimumcolouring that is forced by onG, and let : Cn −→ T1 be the corresponding
colouring of Cn. We show that there exists another three colouring ˜ : Cn −→ T2 that
is compatible with , contradicting the uniqueness of .
Let xjvi ∈  be a ﬁxing edge such that Fu : {x1, x2} is the terminal end corresponding
to the vertex u ∈ V (Cn). We deﬁne the mapping g on  as,
g(xj vi)
def= ugk ,
where gk is the unique vertex of T2 such that gk(xj )= vi .
By the hypothesis, every vertex of Cn is incident to at most two edges in g(). Also,
Since f is a one to one map, it is straight forward to check that in the corresponding
list colouring problems induced byf () andg() onCn, the size of the list assigned
to a vertex u in (Cn,Lf (), 3) is less than or equal to the size of the list assigned to
the vertex u in (Cn,Lg(), 3).
Sincef () is a minimum ﬁxing set ofCn, the list colouring problem (Cn,Lf (), 3)
satisﬁes the conditions of Lemma 5, and consequently, again by Lemma 5 the list
colouring problem (Cn,Lg(), 3) has a solution ˜ compatible with .
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u1
w1 w2 w3 wn−1
u
n−1
w
n
u
nu2 u3
Fig. 5. The graph PnK2.
(b) By Proposition 1 it is sufﬁcient to prove (CnK2, 4) = 0, and we show this by
Lemma 1.
For this, ﬁrst we refer to Fig. 5 in which we assume that u1 is connected to un and w1 is
connected to wn. Then it is easy to see that considering the ordering (u1, w1, u2, w2, . . .)
one may introduce a 4-colouring which satisﬁes the hypothesis of Lemma 1. 
Corollary 1. For any integer n3, (CnK2)= 4.
The following theorem is also a counterpart of Theorem 3 and is essentially proved with
the same method.
Theorem 4. For integers n3 and t3,
(a) 0(PnK2, 2)= 1.
(b) 0(PnK2, t)= n(2t − 5)+ 2.
Proof. For (a) it is easy to see that the graph is a 2-UCG and therefore its ﬁxing number is
zero. (b) can also be easily proved by applying Lemma 1. 
Corollary 2. For any integer n3, (PnK2)= 3.
4. Concluding remarks
Finally, we add some comments and remarks about the subject and results of this paper.
Consider a graph G with t(G). Then a set of vertices S ⊆ V (G) with an assignment
of colours is called a t-deﬁning set of G, if there exists a unique extension of the colours
of S to a t-colouring of G. A t-deﬁning set with minimum cardinality is called a minimum
t-deﬁning set and its cardinality, which is called the t-deﬁning number of G, is denoted by
d(G, t) (see [6,12]).
It should be noted that the ﬁxing number provides a lower bound for the deﬁning number
since 0(G, t)(t − 1)d(G, t) [5]. This relationship is sometimes quite informative. For
instance, using similar methods, one may prove that 0(CnK3, 3)=n+1, which implies
Theorem 1 of Naserasr et al. [14] showing that d(CnK3, 3)= n2  + 1.
It is easy to see that there is not a direct relationship between the ﬁxing chromatic number
and the colouring number of graphs. To see this, note that there are graphs for which
a(G)(G)(4/3)− (see [9, Section 4.11]), which is strictly greater than (G) + 1, and
on the other hand, there exist minimal k-UCG’s for which we have (G)=(G)< col(G)
(see Fig. 2).
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Also, it is interesting to add some comments about the ﬁxing chromatic number of planar
graphs.As Fig. 1 shows, there exists a planar graphG forwhich 3=(G)=a(G)< (G)=
4. We recall the following result of Borodin.
Theorem C (Borodin [2]). Every planar graph has an acyclic 5-colouring and this is the
best upper bound.
Theorem C and Proposition 2 show that there exist planar graphs for which the ﬁxing
chromatic number is greater than or equal to 5. Moreover, a conjecture of Wegner (see [9])
states that for every planar graph G with (G)> 3 we have

{
(G)+ 5, 4(G)7,⌊
3(G)
2
⌋
+ 1, 8(G).
Note that this conjecture proposes an upper bound in terms of (G). These are good moti-
vations for the next problem.
Problem 1. Does there exist an integer b such that for any planar graph G, (G)b?
As one more interesting problem we would like to mention that in all examples we have
examined, the sequence
(G, (G)), (G, (G)+ 1), (G, (G)+ 2), . . . , (G, (G))
has been strictly decreasing. Hence,
Problem 2. Is the sequence
(G, (G)), (G, (G)+ 1), (G, (G)+ 2), . . . , (G, (G))
strictly decreasing for every graph G?
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